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Just-in-time (JIT) learning methods are widely used in dealing with nonlinear and multimode behavior of industrial
processes. The locally weighted partial least squares (LW-PLS) method is among the most commonly used JIT methods.
The performance of LW-PLS model depends on parameters of the similarity function as well as the structure and param-
eters of the local PLS model. However, the regular LW-PLS algorithm assumes that the parameters of the similarity
function and structure of the local PLS model are known and do not fully utilize available knowledge to estimate the
model parameters. A Bayesian framework is proposed to provide a systematic way for real-time parameterization of the
similarity function, selection of the local PLS model structure, and estimation of the corresponding model parameters.
By applying the Bayes’ theorem, the proposed framework incorporates the prior knowledge into the identification pro-
cess and takes into account the different contribution of measurement noises. Furthermore, Bayesian model structure
selection can automatically deal with the model complexity problem to avoid the overfitting issue. The advantages of this
new approach are highlighted through two case studies based on the real-world near infrared data. VC 2014 American
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Introduction

Process modeling is one of the most important elements in
development and implementation of advanced process moni-
toring and control techniques. The representativeness of pro-
cess models has a significant effect on the performance of
these techniques. Linear modeling techniques are commonly
used to identify a model from the process variables. Ordi-
nary least squares (OLS) regression is one of the most
widely used classical modeling techniques due to its simplic-
ity. The main assumption behind the OLS regression is that
the process variables are not strongly dependent of each
other. Principal component regression (PCR) and partial least
squares (PLS) regression have noticeable advantages over
the OLS regression in dealing with the collinearity issue.1–4

The PCR first uses orthogonal transformation to convert cor-
related input variables into a set of uncorrelated, lower
dimensional principal components. Next, the OLS is applied
to reveal the parametric relationship between the principal
components and the output variables. The orthogonal trans-
formation used in the PCR only considers the relationships
among input variables and fails to take into account any
information about the output variables. Therefore, it may
result in an ill-conditioned alignment.5 The PLS regression
overcomes this shortcoming by taking into account both
input and output variables for finding the principal compo-
nents.6 The performance of these linear techniques will be

satisfactory only if the underlying process can be assumed to
be linear. To deal with the process which exhibits certain
form of nonlinear behavior, several approaches have been
proposed to integrate nonlinear features with the linear PLS
framework, thus result in nonlinear PLS (NLPLS) algorithms
such as quadratic PLS,7 neural network PLS,8 and fuzzy
PLS.9 These approaches retain the linear latent structure of
PLS model. In the light of nonlinear principal component,
Malthouse et al.10 proposed a new approach named NLPLS
to extract the nonlinear latent structures. However, these
NLPLS approaches which provide global models to describe
the data from different operation modes may not achieve sat-
isfactory performance. Considering these issues, the locally
weighted partial least squares (LW-PLS) regression can be
used.11 LW-PLS combines the nature of locally weighted
regression and PLS so that it can deal with the nonlinearity,
multimode behavior as well as the collinearity. In the LW-
PLS method, local PLS models are built around each operat-
ing point through local calibration samples. To construct an
LW-PLS model, the following aspects should be considered:

1. Selection of local calibration samples: Local calibration
samples are often selected or prioritized using a certain simi-
larity function. The similarity function takes into account the
distance between a query sample and calibration ones. The
similarity function is parameterized by a set of localization
parameters which needs to be specified to control how steeply
the similarity will decrease by increasing the distance. In this
way, the localization parameters would greatly affect the
selection or priorotization of local calibration samples.

2. Selection of model structure: After choosing or priori-
tizing proper local calibration samples, the next step is to

Correspondence concerning this article should be addressed to B. Huang at
biao.huang@ualberta.ca.

VC 2014 American Institute of Chemical Engineers

518 AIChE JournalFebruary 2015 Vol. 61, No. 2



choose a proper model structure. This could be equivalent to
determining the dimensionality of the latent space that can
best describe the underlying behavior of the process.

3. Estimation of model parameters: Having selected the
local calibration samples and determined the model structure,
model parameters can be identified via the LW-PLS algorithm.

Therefore, the problem of identification of an LW-PLS
model boils down to obtaining the optimal combination of
localization parameters, model structure, and model parame-
ters. The common practice is to search for the globally opti-
mal combination of localization parameters and model
structure by minimizing the root mean square error of cross-
validation (RMSECV).12 This approach is often computa-
tionally inefficient for online identification of the LW-PLS
models and may also result in the overfitting issue.13,14 Kha-
tibisepehr et al. (submitted) has developed an off-line identi-
fication method to find the locally optimal localization
parameters and model structure within a known operating
space using a hierarchical Bayesian optimization framework.
The idea behind this method is to first partition the operating
space into a finite number of subspaces and then find the
optimal combination of localization parameters and model
structure for each subspace. The application of Bayes’ theo-
rem makes it possible to incorporate the prior knowledge
over the localization parameters and model structures. The
proposed Bayesian framework can also deal with the model
complexity control to avoid overfitting. However, this
method has the following shortcoming: (1) it does not utilize
the prior knowledge over the main parameters for modeling,
(2) like all the other existing methods, uncertainties in the
parameter estimates are not taken into account in selection
of the model structure and tuning of the localization parame-
ters, (3) due to the multimode behavior of industrial proc-
esses, a finite number of subspaces may not cover the entire
operating space especially over a long period.

Therefore, it is desired to tune the localization parameters,
select the model structure, and estimate the model parame-
ters all in a real-time phase. The main contribution of this
article is to develop a novel integrated identification method
to find the locally optimal combination of the model parame-
ters, localization parameters, and model structure in a real-
time manner to take full advantage of Bayesian methods.
The real-time identification problem of interest is formulated
under a holistic Bayesian framework consisting of consecu-
tive levels of optimization. The resulting optimization prob-
lem is hierarchically decomposed and a layered optimization
strategy is implemented. To obtain explicit solutions, an iter-
ative hierarchical Bayesian approach is adopted to coordinate
the solutions obtained in subsequent layers of optimization.
The proposed method has the following advantages over the
existing ones: (1) the developed hierarchical Bayesian frame-
work offers a systematic way to select the model structure,
determine the localization parameters as well as estimate the
model parameters. (2) External information over the main
parameters, localization parameters, and model structure can
be incorporated in the identification process. (3) Sparsity and
heteroscedasticity of training samples can be effectively
handled. (4) Bayesian inference at a particular level takes
into account the uncertainty in the estimates of the previous
level. (5) Bayesian model selection can automatically penal-
ize the model complexity to avoid the overfitting issue.15

The remainder of this article is organized as follows: the
following section introduces the basic formulation of the
LW-PLS model and discusses the limitations of the regular

LW-PLS modeling method which lead to consideration of an
integrated Bayesian framework. Then, the motivation behind
adopting a hierarchical approach is outlined and each level
of inference is explained in detail. Next, an overall proce-
dure to implement the proposed hierarchical framework is
shown. Two industrial case studies are considered to demon-
strate the effectiveness of the proposed method based on the
real-world near infrared (NIR) spectroscopy data. Finally,
the article is summarized by concluding remarks.

Problem Statement

Suppose, we have a training (calibration) dataset with N
samples denoted by

X5½x1; x2; . . . xN �T (1)

y5½y1; y2; . . . yN �T (2)

X 2 RN3M and y 2 RN31 are the input and output matri-
ces, respectively. The ith sample consists of a vector of
inputs, xi5½xi1; xi2 . . . xiM�T , and an output, yi, where M is the
number of input variables. The formulation of the PLS
model is given by

X5TPT1EX (3)

y5TqT1ey (4)

where T 2 RN3H denotes a matrix of latent variables, P

2 RM3H is a matrix of loadings and q 2 R13H is a vector of
regression coefficients. EX 2 RN3M and ey 2 RN31 denote
the matrices of input and output residuals, respectively.

LW-PLS is an online identification method which builds a
local PLS model for each query sample. Given a query sam-
ple xq, a similarity matrix is constructed to prioritize the cal-
ibration samples

Sq5diagðs1jq; s2jq; . . . ; sNjqÞ (5)

where sijqði51; 2 . . . NÞ is the similarity between xq and xi.
Generally, a measurement of similarity is defined based

on a notion of distance between xq and xi. One of the widely
used similarity functions is

sijq5exp 2
di

rdk

� �
(6)

di5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi2xqÞTðxi2xqÞ

q
(7)

where di is the Euclidean distance between xq and xi, rd is
the standard deviation of d5fd1; d2; . . . dNg and k is the
localization parameter. Given a rd, the similarity decreases
more steeply by increasing the distance for larger values of
k. So, k can determine the acceptable region for selecting
the local calibration samples together with rd.

LW-PLS models can be constructed by following Algo-
rithm I in Appendix (Khatibisepehr et al., submitted). How-
ever, this regular LW-PLS algorithm implicitly assumes that
the number of latent variables H, that is, model structure,
and localization parameter k are given. In reality, these
parameters are often unknown and have critical effects on
the estimation accuracy. Even though proper combination of
the model structure and localization parameter can be found
in advance using RMSECV, this method cannot maintain
good estimation accuracy in a longer term. Multimode
behavior of processes and nonlinearity of underlying

AIChE Journal February 2015 Vol. 61, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 519



mechanisms affect not only the model parameters, but also
the model structure and similarity function. Furthermore, the
available prior knowledge cannot be incorporated in the
identification process using the regular LW-PLS algorithm.

Considering these points, in this work, a new similarity
function is defined as

sijqðuÞ5exp 2diuð Þ (8)

where the localization parameter is denoted by u and treated
as a hyperparameter of similarity function to be tuned for each
local model. Compared with the similarity function in the regu-
lar LW-PLS (Eq. 6), in the new similarity function the term 1

rdk
has been substituted by u. In this way, the acceptable region of
calibration samples can be directly controlled by tuning u.

The formulation of the PLS model remains the same as
given by Eqs. 3 and 4. The number of retained latent varia-
bles H is treated as an unknown variable to be estimated.
Therefore, the problem of identifying an LW-PLS model
consists of the following steps: (1) prioritizing calibration
samples, that can be equally achieved by properly tuning the
localization parameter u; (2) choosing the model structure or
number of retained latent variables H; and (3) estimating the
main parameters H5fP;T; qg; that is, loading matrix P,
latent variable matrix T, regression coefficient vector q.

From a Bayesian perspective, the problem is converted to
maximizing the joint posterior distribution of main parameters,
localization parameter, and model structure that is defined as the
conditional probability distribution of these variables given the
training dataset and query sample, that is, pðH;u;HjX; y; xqÞ.

Hierarchical Bayesian Optimization Framework

A Bayesian approach to identify an LW-PLS model is to
maximize the posterior probability density function of the
main parameters, localization parameter, and model struc-
ture, pðH;u;HjX; y; xqÞ. Because of the difficulties associ-
ated with the direct maximization of pðH;u;HjX; y; xqÞ, the
problem of interest can be formulated and solved under an
iterative hierarchical Bayesian optimization framework.16

First, the chain rule of probability theory is used to expand
the joint posterior probability distribution as

pðH;u;HjX; y; xqÞ5pðHju;H;X; y; xqÞpðujH;X; y; xqÞpðHjX; y; xqÞ
(9)

Next, the optimization problem is decomposed hierarchi-
cally into following three layers

max
H;u;H

pðHju;H;X; y; xqÞpðujH;X; y; xqÞpðHjX; y; xqÞ

5max
H
fpðHjX; y; xqÞfmax

u
pðujH;X; y; xqÞ

3max
H
fpðHju;H;X; y; xqÞggg

(10)

Inference of main parameters

Applying Bayes’ rule, the posterior probability density
function (PDF) of main parameters can be written as

pðHju;H;X; y; xqÞ5
pðX; yjH;u;H; xqÞpðHju;H; xqÞ

pðX; yju;H; xqÞ
/ pðX; yjH;u;H; xqÞpðHju;H; xqÞ

(11)

where pðX; yju;H; xqÞ is a normalizing constant.

As prior, it is reasonable to assume that the main parame-
ters are independent of the localization parameter and query
sample. The prior can be explicitly expressed as the condi-
tional joint probability of the loading matrix, regression coef-
ficient vector, and latent variable matrix given the model
structure

pðHju;H; xqÞ5pðHjHÞ

5pðP;T; qjHÞ

5pðTjP;q;HÞpðqjP;HÞpðPjHÞ

(12)

Given the loading matrix P, it is reasonable to assume
that T and q are independent, that is, pðTjP;q;HÞ5
pðTjP;HÞ. Thus, the posterior PDF of main parameters can
be explicitly written as

pðP;T;qju;H;X; y; xqÞ / pðX; yjP;T;q;u;H; xqÞ
3pðTjP;HÞpðqjP;HÞpðPjHÞ

Following the approach of Ref. 17, a new Bayesian
approach to solve the problem of LW-PLS modeling is pro-
posed in this section.

For each calibration sample, the LW-PLS formulation is
given by

xi5Pti1exi (14)

yi5qti1eyi (15)

The noise-free inputs and output are given by

~xi5Pti (16)

~yi5qti (17)

The loading matrix P has the following unit orthogonal
constraint

PTP5I (18)

A vector of model parameters, b 2 RM31, representing the
relationship between the input and output variables, is
defined as

b5PqT (19)

The likelihood function relies on the nature of noise.
Assume that the input and output measurements are contami-
nated by mutually independent Gaussian noise, exi and eyi,
with known variance Qex

and Qey
.17 The estimation of these

unknown variances will be discussed shortly. Given a query
sample xq, the importance weight assigned to the ith calibra-
tion sample is denoted by sijq. This is equivalent to saying
that

Qexi
5

Qex

sijq
(20)

Qeyi
5

Qey

sijq
(21)

Normally, a calibration sample with large weight is
strongly revelent to the local PLS model. If a calibration
sample is far away from the query one, a relatively small
importance weight is assigned to it to reduce its contribution
to the local PLS model. This would be equivalent to result-
ing in a large noise, meaning that this point contains more
information about noise or, equivalently, less information
about the main parameters. Note that if the weight is equal
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to zero, that is, sijq50, the variance of noise will approach
infinity and the corresponding point will be completely
excluded in identifying the local PLS regression model. It is
assumed that the measurement noises of the observations are
independent. It is also assumed that the measurement noises
of inputs and output are mutually independent. Thus, the
likelihood can be simplified as follows

pðX; yjP;T;q;u;H; xqÞ5pðXjP;T;u;H; xqÞpðyjT; q;u;H; xqÞ
(22)

pðXjP;T;u;H; xqÞ5
YN
i51

pðxijP; ti;u;H; xqÞ (23)

pðyjT; q;u;H; xqÞ5
YN
i51

pðyijti;q;u;H; xqÞ (24)

xijP; ti;q;u;H; xq � N Pti;
Qex

sijq

� �
(25)

yijP; ti; q;u;H; xq � N qti;
Qey

sijq

� �
(26)

The priors over the main parameters depend on the nature
of the noise-free data. The noise-free inputs are assumed to
follow a multivariate Gaussian distribution, that is

~xi � N lx;Qxð Þ (27)

As a result, given the loading matrix P, the latent variable ti

will also follow a conditional multivariate Gaussian distribution

ti5PT ~xi (28)

tijP;H � N PTlx;P
TQxP

� �
(29)

It is also assumed that the model parameters b follow a
multivariate Gaussian distribution

b � N lb;Qbð Þ (30)

Given the loading matrix P, and the vector of model
parameters b, the regression coefficient vector qT also follow
a conditional multivariate Gaussian distribution

qT5PTb (31)

qT jP;H � N PTlb;P
TQbP

� �
(32)

In the absence of any external knowledge over the loading
matrix P, a uniform prior distribution can be specified over
P. Based on the likelihood and prior distributions, the poste-
rior distribution can be determined as

p X; yjP;T; q;u;H; xq

� �
/ p XjP;T;u;H; xq

� �
3p yjT;q;u;H; xq

� �
p TjP;Hð Þp qjP;Hð Þ

(33)

The maximum a posteriori probability (MAP) estimates can
be obtained by solving the following optimization problem

fP;T; qgMAP5arg max
P;T;q
fp XjP;T;u;H; xq

� �
3p yjT; q;u;H; xq

� �
p TjP;Hð Þp qjP;Hð Þg

s:t: PTP5I

(34)

It is intractable to solve this optimization problem directly.
The overall objective function can be decomposed into the
following three simultaneous parameter-estimation and data-
reconciliation optimization problem

fPgMAP5arg max
P

p XjP;T;u;H; xq

� �
p yjT;q;u;H; xq

� �
fqgMAP5arg max

q

p yjT; q;u;H; xq

� �
p qjP;Hð Þ

s:t:

fTgMAP5arg max
T

p XjP;T;u;H; xq

� �
p TjP;Hð Þ

PTP5I

(35)

Because likelihood and priors are all multivariate Gaus-
sian, the MAP estimates can be equivalently obtained by
solving the following minimization problems

fPgMAP5arg min
P

f
XN

i51

xi2Ptið ÞT
Qex

sijq

� �21

xi2Ptið Þ

1
XN

i51

yi2qtið ÞT
Qey

sijq

� �21

yi2qtið Þg

fqgMAP5arg min
q

f
XN

i51

yi2qtið ÞT
Qey

sijq

� �21

yi2qtið Þ

1 qT2PTlb

� �T
PTQbP
� �21

qT2PTlb

� �
g

ftigMAP5arg min
ti

f xi2Ptið ÞT
Qex

sijq

� �21

xi2Ptið Þ

1 ti2PTlx

� �T
PTQxP
� �21

ti2PTlx

� �
s:t: PTP5I

(36)

The first optimization function is intractable to solve
because of the unit orthonormal constraint. We can first use
optimization methods that have a closed form solution, to
estimate P. In this way, both of the following optimization
problems can be solved analytically

ftigMAP5 PT Qex

sijq

� �21

P1 PTQxP
� �21

" #21

PT Qex

sijq

� �21

xi1 PTQxP
� �21

PTlx

" #

(37)

fqTgMAP5 TTSqTQey
1ðPTQbPÞ21

� �21
TTSqYQey

1ðPTQbPÞ21PTlb

� �
(38)

In this Bayesian modeling algorithms, Qex
;Qey

; lb;Qb;lx;
Qx are assumed to be known. That means the prior density was
assumed to be fully specified in advance. In the presence of lim-
ited prior knowledge over the noise variance and main parame-
ters, a widely used alternative is the empirical Bayesian analysis
which estimates the prior from the available data assuming data
is representative.18 In the empirical Bayesian analysis, there are
two kinds of approaches to estimate the prior from data: para-
metric approach and nonparametric approach.17 The parametric
approach assuming the structures of the prior distribution are
known and it only needs to estimate the hyperparameters of the
prior density function. The nonparametric approach will esti-
mate the entire prior from the data which is more complex and
time-consuming. For computational convenience, the paramet-
ric approach is used to estimate the prior in the light of training
data using Algorithm II in Appendix.

Inference of localization parameter

Applying Bayes’ rule, the posterior PDF of localization
parameter can be expressed as
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p ujH;X; y; xq

� �
/ p X; yju;H; xq

� �
p ujH; xq

� �
(39)

As priors, one can assume that the localization parameter
u is statistically independent of the model structure H and
the query sample xq

p ujH; xq

� �
5p uð Þ (40)

In the absence of any external knowledge, a noninforma-
tive prior can be specified in the form of a constrained uni-
form distribution. To incorporate the available prior
knowledge, conjugate priors are normally used for which the
resulting posterior distribution can be conveniently eval-
uated. To assure generality, a Gamma prior distribution is
specified over the localization parameter

p uð Þ5 ua21

baC að Þ exp 2
u
b

	 

(41)

where a is the shape parameter and b is the scale parameter.
The likelihood in Eq. 39 can be evaluated by integrating out
the main parameters

p X; yju;H; xq

� �
5

ð
H

p X; yjH;u;H; xq

� �
p HjHð ÞdH (42)

As the above problem is often intractable, the integral in
Eq. 42 can be approximated by applying Laplace’s method
of approximation19ð

H
p X; yjH;u;H; xq

� �
p HjHð ÞdH

� p X; yjHMAP;u;H
� �

p HMAPjH
� �

det
AH

2p

� �21
2

(43)

where AH52rrlog p Hju;H;X; y; xq

� �
. The inverse of

Hessian matrix AH reflects the posterior uncertainty in H.
Then, the MAP estimate of localization parameter can be
shown as

fugMAP5arg max
u
fp ujH;X; y; xq

� �
g

5arg max
u

p X; yjHMAP;u;H; xq

� �
p HMAPjH
� �

det
AH

2p

� �21
2

p uð Þ
( )

(44)

As both the likelihood and prior probability density func-
tions belong to the family of exponential PDFs, the MAP
solution can be obtained by solving the following minimiza-
tion problem

fugMAP5 arg min
u

1

2

XN

i51

xi2x̂ið ÞT
Qex

sijq

� �21

xi2x̂ið Þ

1
1

2

XN

i51

yi2ŷið ÞT
Qey

sijq

� �21

yi2ŷið Þ

1 12að Þlog u1
1

b
u

2log det AH
2p

� �21
2

h i
2

M11

2
log
YN
i51

sijq

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

(45)

This optimization problem can be solved by sampling
method instead of deriving a closed form solution which

cannot be obtained directly. For instance, the continuous
localization parameter can be discretized into a finite set of
reasonable values fu1;u2; :::uf g. We can next draw samples
from the posterior distribution using these candidate values
of the localization parameters to approximate the MAP
solution.

Inference of model structure

Applying Bayes’ rule, the posterior PDF of model struc-
ture can be expressed as

p HjX; y; xq

� �
/ p X; yjH; xq

� �
p Hjxq

� �
(46)

As priors, it is reasonable to assume that the model struc-
ture is statistically independent of the query sample xq.
Given a set of candidate model structures, that is,
H 2 fH1;H2:::HLg, the random variable H is a categorical
variable and can be modeled by

p Hð Þ5
YL

l51

p H5Hlð Þ H5Hl½ �
(47)

where H5Hl½ � equals 1 if H 5 Hl and equals 0 otherwise. In
the absence of any prior information, a uniform distribution
can be used for the candidate model structures, that is,
p H5H1ð Þ5p H5H2ð Þ:::5p H5HLð Þ.

The likelihood function p X; yjH; xq

� �
can be obtained by

integrating out the localization parameter

p X; yjH; xq

� �
5

ð
u

p X; yju;H; xq

� �
p uð Þdu (48)

As it is intractable to solve the above integral directly,
Laplace’s method of approximation is applied againð

u
p X; yju;H; xq

� �
p uð Þdu � p X; yjuMAP;H; xq

� �
p uMAP
� �

det
Au

2p

� �21
2

(49)

where Au52rrlog p ujH;X; y; xq

� �
. The inverse of Hessian

matrix Au reflects the posterior uncertainty in u.
Finally, the MAP estimate of the model structure can be

obtained as follows

Figure 1. RVP of gasoline spectra data.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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fHgMAP5arg max
H

p HjX; y; xq

� �� �

5arg max
H
fp X; yjuMAP;H; xq

� �
p uMAP
� �

det
Au

2p

� �21
2

p Hð Þg

5arg max
H
fp X; yjHMAP;uMAP;H; xq

� �
p HMAPjH
� �

p uMAPð Þdet AH
2p

� �21
2det

Au

2p

	 
21
2

p Hð Þg

(50)

As both the likelihood and prior probability density functions
belong to the family of exponential PDFs, the MAP solution can
be obtained by solving the following minimization problem

fHgMAP5 arg min
H

1

2

XN

i51

xi2x̂ið ÞT
Qex

sijq

� �21

xi2x̂ið Þ

1
1

2

XN

i51

yi2ŷið ÞT
Qey

sijq

� �21

yi2ŷið Þ

1
1

2

XN

i51

ti2PTlx

� �T
PTQxP
� �21

ti2PTlx

� �

1
1

2
qT2PTlb

� �T
PTQbP
� �21

qT2PTlb

� �

1 12að Þlog u1
1

b
u2log det

AH

2p

� �21
2

" #
2

M11

2
log
YN
i51

sijq

1
1

2
11Nð ÞHlog 2p2log det

Au

2p

� �21
2

" #

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
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Hierarchical Bayesian Optimization Procedure

1. Choose the similarity function given in Eq. 8.
2. Select a proper set of candidate model structures
fH1;H2:::HLg. If there is available prior information about
the model structures, the candidates and their prior probabil-
ities p(H) can be determine based on the prior knowledge. If
there is no prior information, the candidate model structures
can be selected based on empirical method: select several
candidate model structures around the globally optimal one
obtained from off-line leave-one-out cross-validation
(LOOCV), and set a uniform prior distribution over this set
of candidate model structures.

3. Characterize the noise variances, Qex
and Qey

, and specify
a prior distribution over the main parameters, p HjHð Þ, using
Algorithm II.
4. Characterize the prior distribution over localization
parameter, p ujHð Þ, using Algorithm III.
5. For l51 : L

(1) Select Hl and choose an initial value for the localiza-
tion parameter ul.

(2) Although Pl;Tl; ql, and ul converge

(2.1) calculate the similarity matrix, Sql
, using Eqs. 5,

7, and 8.
(2.2) calculate the loading matrix, Pl, by applying the

LW-PLS algorithm to fX; y; xqg.
(2.3) calculate the regression coefficient vector, ql,

latent variable matrix, Tl, using Eqs. 37 and 38.
(2.4) calculate the localization parameter ul using Eq.

45.

(3) Calculate the posterior probability of model structure,
p H5HljX; y; xq

� �
, using Eq. 51.

6. Choose the model structure with the highest posterior
probability as well as corresponding loading matrix, P, and
regression coefficient vector, q.
7. Calculate output as ŷ5xqPqT .

Table 1. Comparing Prediction Performance of the First

Layer of Bayesian LW-PLS and Regular LW-PLS Using

Dataset from Reid Vapor Pressure of Gasoline, Scenario I

Bayesian
LW-PLS

Regular
LW-PLS

Localization parameter k50:5
Selected number of retained

LVs H 5 30
MSE of cross-validation 15.4347 15.6006
Correlation of cross-validation 0.9732 0.9731

Figure 2. Cross-validation using dataset from RVP of
gasoline, scenario I.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 2. Comparing Prediction Performance of the First and

Second Layer of Bayesian LW-PLS and Regular LW-PLS

Using Dataset from Reid Vapor Pressure of Gasoline,

Scenario II

Bayesian
LW-PLS

Regular
LW-PLS

Selected number of retained LVs H 5 30
Localization parameter u 2 ½0:1; 2� k50:2
MSE of cross-validation 9.9807 57.5943
Correlation of cross-validation 0.9833 0.8846
Localization parameter u 2 ½0:1; 2� k50:8
MSE of cross-validation 9.9807 10.1754
Correlation of cross-validation 0.9833 0.9816
Localization parameter u 2 ½0:1; 2� k51:5
MSE of cross-validation 9.9807 14.1729
Correlation of cross-validation 0.9833 0.9743
Localization parameter u 2 ½0:1; 2� k 5 2
MSE of cross-validation 9.9807 15.9304
Correlation of cross-validation 0.9833 0.9713
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Case Studies

This section demonstrates the practical application of
the Bayesian LW-PLS through case studies. To illustrate

the advantages of hierarchical Bayesian optimization, two
sets of near NIR data for real-time prediction of reid
vapor pressure (RVP) of gasoline and wheat kernels are
used. It is noteworthy that the NIR datasets have high
dimension with strongly correlated spectra. All industrial
data presented here have been normalized to protect pro-
prietary information.

RVP of gasoline

The objective of this study is to estimate RVP of gasoline
from NIR spectra data. The set of data is taken from Khati-
bisepehr et al. (submitted). The dataset consists of NIR spec-
tra for 423 gasoline samples. The diffusion reflectance

Figure 3. Cross-validation using dataset from RVP of gasoline, scenario II.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Localization parameter u of Bayesian LW-PLS.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Comparing Prediction Performance of Bayesian

LW-PLS and RMSECV-Based LW-PLS Using Dataset from

Reid Vapor Pressure of Gasoline, Scenario III

Bayesian
LW-PLS RMSECV

Selected Number of retained
LVs

[25,30] 30

Localization parameter u 2 ½0:1; 2� k 5 2
MSE of cross-validation 9.9499 15.9304
Correlation of cross-validation 0.9835 0.9713
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spectra of samples are measured with wavelength range of
800–1700 nm in 1-nm intervals (Figure 1). The samples are
divided into 296 calibration dataset and 127 test one.

Standard ASTM testing methodologies have been used to
obtain the reference measurements for RVP.

To show the features of the proposed method more
clearly, the performance is evaluated in the following three
scenarios:

Scenario I: Known localization parameter and model
structure, but unknown main parameters.

The first layer of the proposed method, inference of main
parameters, is applied to develop real-time LW-PLS models
for the prediction of RVP. The prediction performance of
the developed models is compared with that of the models
identified using regular LW-PLS regression. The similarity
functions are chosen as in Eq. 6 and the localization parame-
ter k and number of retained latent variables H are set as 0.5
and 30, respectively, and same for both methods. The prior
distributions of main parameters are specified using Algo-
rithm II. The comparison results are reported in Table 1 and
Figure 2. It can be observed that the Bayesian parameter
estimation is more accurate than the regular LW-PLS for
some of the calibration samples. A slightly higher prediction
performance has been achieved by incorporating the prior
knowledge and taking into account the different contribu-
tions of noise in the measurements. The challenge in using
this Bayesian approach for estimation exists not only in
obtaining proper prior distribution but also in specifying

Figure 5. Cross-validation using dataset from RVP of
gasoline, scenario III.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Distributions of selected inputs for RVP of gasoline example.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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appropriate noise variance. As no prior information is avail-
able, the variances of measurement noise can only be esti-
mated from existing sources such as the calibration data.
However, the main challenge in locally weighted methods is
simultaneous estimation of localization parameter, model
structure, and main parameters where the proposed Bayesian
approach shows its great advantage, as demonstrated in the
following scenarios.

Scenario II: Known model structure, but unknown local-
ization parameter and main parameters.

The first and second layers of the proposed method, esti-
mation of the main parameters, and selection of localization
parameter are applied to identify the LW-PLS models. The
number of retained latent variables is set as 30. For the regu-
lar LW-PLS, the classic similarity function (Eq. 6) is used
and we consider four different values for localization param-
eter k: 0.2, 0.8, 1.5, and 2. For the proposed method, the
new similarity function (Eq. 8) is used. The prior distribution
of main parameters is specified using Algorithm II. The prior
distribution over the localization parameters u is specified
using Algorithm III within sampling range [0.1,2]. From the
results shown in Table 2 and Figure 3, it can be observed
that the performance of the regular LW-PLS method highly
depends on the value of the localization parameter. There-
fore, proper tuning of the localization parameters has a sig-
nificant effect on the prediction performance of the LW-PLS
models. As the Bayesian LW-PLS searches for the locally
optimal value of the localization parameter within the devel-
oped hierarchical optimization framework, the prediction
performance of the resulting LW-PLS models is superior.
Figure 4 shows that for different local models, different

optimal localization parameters have been obtained to
achieve a better performance.

Scenario III: Unknown model structure, localization
parameter and main parameters.

The proposed method, Bayesian LW-PLS and one wide-
spread method, RMSECV-based LW-PLS are applied to
develop the LW-PLS models for real-time prediction of
RVP. The main idea behind RMSECV is to search for the
globally optimal localization parameter and model structure
by minimizing the RMSE of LOOCV in an off-line identifi-
cation phase and then apply the LW-PLS to do online esti-
mation of the main parameters. The candidate model
structures are set as 25; 30½ � for both methods. The result of
RMSECV for optimal localization parameters and number of
retained latent variables are 2 and 30, respectively. For
Bayesian LW-PLS, first, the prior distributions over the main
parameters are specified using Algorithm II. The prior distri-
bution over the localization parameters u is specified using
Algorithm III within sampling range [0.1,2]. In the absence
of the prior knowledge, a uniform distribution is used for the
model structure. The comparison results are reported in
Table 3 and illustrated in Figure 5. According to the results,
Bayesian LW-PLS performs much better than the traditional
method, RMSECV-based LW-PLS.

In all of these three scenarios, the priors over main param-
eter are obtained from estimation of empirical prior, that is,
Algorithm II. The assumption behind this approach is Gaus-
sian distributed inputs. As shown in Figure 6, the distribution
of the input can be well approximated by Gaussian
distribution.

Figure 7. Cross-validation using dataset from protein
content of wheat kernels.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 5. Comparing Prediction Performance of the Bayesian

LW-PLS and RMSECV-Based LW-PLS Using Dataset from

Wheat Kernels, Extrapolation Case

Bayesian LW-PLS RMSECV

Selected Number of retained LVs [8,12] 9
Localization parameter u 2 ½0:1; 2� k50:2
MSE of cross-validation 94.9904 380.0755
Correlation of cross-validation 0.8207 0.8163

Figure 8. Cross-validation using dataset from protein
content of wheat kernels, extrapolation case.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Comparing Prediction Performance of the Bayesian

LW-PLS and RMSECV-Based LW-PLS Using Dataset from

Wheat Kernels

Bayesian LW-PLS RMSECV

Selected Number of retained LVs [8,12] 9
Localization parameter u 2 ½0:1; 2� k50:2
MSE of cross-validation 20.8174 48.3352
Correlation of cross-validation 0.9365 0.8517
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Protein content of wheat kernels

In this case study, the LW-PLS models are developed for
online prediction of the protein content of wheat kernels
from the NIR spectra. This dataset was used by Refs. 20 and
21 as a standard NIR dataset. The wheat kernels were ran-
domly chosen from bulk samples representing different vari-
eties or various mixtures from two different locations in
Denmark.

The calibration and test datasets collected in this study
consist of 100 and 105 samples with reference value ranges
from 46.1 to 103.4 and 47.8 to 93.7, respectively. As stated
by Refs. 20 and 21, the test samples were acquired with the
calibration samples, but stored for about 2 additional months
before measurement to provide a check for temporal drift in
the samples and instrumentation.

The Bayesian LW-PLS and RMSECV-based LW-PLS are
applied to develop the calibration models for protein content.
The candidate model structures are set as [8,12] for both
methods. The optimal localization parameter, k, and number
of retained latent variables, H, obtained via RMSECV, are
0.2 and 9, respectively. For the Bayesian LW-PLS, the prior
distribution of main parameters is specified by following the
procedure in Algorithm II. A Gamma prior distribution over

the localization parameter u is extracted from calibration

data using Algorithm III and the corresponding sampling

range is chosen as [0.1,2]. From comparison results reported

in Table 4 and illustrated in Figure 7, it can, again, be

observed that the Bayesian LW-PLS significantly outper-

forms the RMSECV-based LW-PLS.
To further evaluate the effectiveness of the proposed

method, a case of extrapolation is performed on the same

NIR dataset. The calibration samples which have output value

in the range of 82.3–103.4 are selected to form the new cali-

bration dataset. The test ones remain unchanged which have

output value between 47.8 and 93.6 so that the calibration

dataset does not overlap with all the operation region of test

ones. It means some of the prediction can only be carried out

by extrapolation. This situation can happen in real-world

application if a process is shifted to a new operation mode.
From Table 5 and Figure 8, we can see that the perform-

ances of the proposed methods are again much better than

the RMSECV-based LW-PLS. Especially in the extrapolated

part where outputs range from 47.8 to 82.3, the predictions

of RMSECV-based LW-PLS obviously deviate from the ref-

erence value, while the predictions of Bayesian one can still

follow the reference.

Figure 9. Distributions of selected inputs for protein content of wheat kernels example.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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In this case study, the priors over main parameters are
also obtained from Algorithm II. As shown in Figure 9, even
though the distribution of the input does not exactly follow
Gaussian distribution, the proposed method can still outper-
form the compared one. Revisit the optimization problem in
Eq. 34 which is equivalent to the following minimization
problem

fP;q;TgMAP5 arg min
P;q;TXN

i51

xi2Ptið ÞT Qex

sijq

� �21

xi2Ptið Þ

1
XN

i51

yi2qtið ÞT
Qey

sijq

� �21

yi2qtið Þ

1 qT2PTlb

� �T
PTQbP
� �21

qT2PTlb

� �

1
XN

i51

ti2PTlx

� �T
PTQxP
� �21

ti2PTlx

� �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

s:t: PTP5I

(52)

The first two quadratic terms represent the information
from historical data, last two quadratic terms contain the
information from available prior knowledge over main param-
eters. If informative priors are obtained beforehand, the last
two terms will make a contribution to a more accuracy esti-
mation. If the prior contains little helpful information (situa-
tion in this case), a fairly good estimation of main parameters
can be achieved by taking advantage of information contained
in data. Moreover, the next two layers of Bayesian frame-
work, that is, inference of localization parameter and model
structure can further improve the performance.

Conclusion

This article proposed a holistic Bayesian framework for the
LW-PLS regression. The proposed method has the following
advantages over the regular LW-PLS regression: (1) by follow-
ing a Bayesian approach to estimate the main parameters of
the LW-PLS model, available prior knowledge can be incorpo-
rated into the identification process. (2) Different contributions
of measurement noise can be taken into account. (3) Applica-
tion of the hierarchical Bayesian optimization framework
offers a systematic and tractable way to get the optimal combi-
nation of the model structure, localization parameters as well
as main parameters for each operating point. (4) Bayesian
model structure selection can automatically deals with the
model complexity problem to avoid the overfitting issue. The
attractive features of the proposed framework were illustrated
through two industrial case studies in which NIR spectra were
used to provide real-time estimates of RVP and wheat kernels
using the LW-PLS models. In the first case study, different sce-
narios were investigated not only to illustrate the advantages of
each layer of the proposed Bayesian formulation of the LW-
PLS regression problem, but also to clearly demonstrate the
integration mechanism adopted in the developed hierarchial
Bayesian optimization framework.
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Appendix

Algorithm I: Regular locally weighted partial least
square

1. Determine the number of latent variables H, localization
parameters k.

2. When query sample xq arrives, calculate the similarity
matrix Sq using Eqs. 5, 6 and 7.

3. Calculate the weight matrix, loading matrix, and regres-
sion coefficient vector by

W5 w1;w2 . . . wH½ � (A1)

P5 p1;p2...pH½ � (A2)
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q5 q1; q2 . . . qH½ � (A3)

wh5
X2
Xh21

j51
tjpj

T
	 
T

Sq X2
Xh21

j51
tjpj

T
	 


k X2
Xh21

j51
tjpj

T
	 
T

Sq X2
Xh21

j51
tjpj

T
	 


k
(A4)

ph5
X2
Xh21

j51
tjpj

T
	 
T

Sqth

th
TSqth

(A5)

qh5
y2
Xh21

j51
tjqj

T
	 
T

Sqth

th
TSqth

(A6)

where the columns of W 2 RM3H are orthonormal weight vec-

tors and th denotes the hth column of T which is calculated by

th5 X2
Xh21

j51
tjpj

T
	 


wh (A7)

4. Calculate output of the local PLS model by

ŷ5xqW PTW
� �21

qT (A8)

Algorithm II: Estimation of empirical prior over main
parameters

1. For industry data, it is rational to assume in a short period
of time (i.e., one sampling interval), the input and output
are kept constant. The incremental input output measure-
ments are resulted from the measurement noise. So, the
noise variance Qex

;Qey
is calculated by the variances of

the distribution of incremental input and output
measurements

Jx5 x12x2; x22x3; . . . xN212xN½ �T (A9)

jy5 y12y2; y22y3; . . . yN212yN½ �T (A10)

Qex
5

1

2
var Jxð Þ (A11)

Qey
5

1

2
var jy

	 

(A12)

2. Solve the Bayesian LW-PLS modeling problem with a
uniform priori for all the main parameters.

3. Estimate the set of hyperparameters lb;Qb;lx;Qx as
follows

lb5E PqT
� �

(A13)

Qb5c X̂
T
SqX̂

	 
21

(A14)

lx5E X̂
� �

(A15)

Qx5Cov X̂
� �

(A16)

4. Solve the Bayesian LW-PLS modeling problem using the
empirically estimate priori.

Algorithm III: Estimation of empirical prior over local-
ization parameter

1. Determine proper model structure H.
2. Choose the similarity function given in Eq. 6 and deter-

mine a proper set of localization parameters
k1; k2; . . . kf

� �
.

3. For f 51 : F

(1) Choose kf as localization parameter.

(2) For n51 : N
Let fX2n; y2ng denote calibration samples except fxn; yng.

Choose fX2n; y2ng as calibaration samples and xn as query

sample, and apply the regular LW-PLS algorithm (Algorithm I)

to fX2n; y2n; xng get the output prediction ŷn.

(3) Calculate the prediction error

Ef 5
1

N

XN

n51

ŷn2ynð Þ2 (A17)

4. Choose the localization parameter that results in the low-
est prediction error, denote it as kk and record the value
for each point in similarity function as

ui5
1

kkrdi

i51; 2 . . . Nð Þ (A18)

5. Determine a Gamma prior distribution over u based on
fu1;u2 . . . uNg.
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